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Chapter 1

Vectors

1.1 The Geometry and Algebra of Vectors

(-2 3) iF (Z. 3)

2. Since

]+ bl = 5]

plotting those vectors gives

-1l 1 A e R S R




4. Since the heads are all at (3,2, 1), the tails are at

3 0 3 3 3
21 — 12| = |0}, 2] — |2
1 0 1 1 1

5. The four vectors ;ﬁ are

In standard position, the vectors are

(a) AB=[4—1,2— (-1)] = [3,3].
(b) AB=[2—0,-1—(=2)] = [2,1]

CHAPTER 1.
3 —1
2] — -1
1 -2

VECTORS



1.1

10. a+d =

ene B

R RERELIEY

THE GEOMETRY AND ALGEBRA OF VECTORS 5t

. Recall the notation that [a, b] denotes a move of a units horizontally and b units vertically. Then during

the first part of the walk, the hiker walks 4 km north, so a = [0,4]. During the second part of the
walk, the hiker walks a distance of 5 km northeast. From the components, we get

2 ov2
b = [5cos45%, 5sin45°] = i, i .
2 2
Thus the net displacement vector is
c=a+b= [%,4—!—5\2/}] .

|

[3] ® [—j] - [ﬂ ifﬂ}]

11. 2a+3c=2[0,2,0] +3[1,-2,1] =[2-0,2-2,2-0] +[3-1,3-(—2),3-1] = [3,-2,3).

12.

Shy—Sed-8 = 35 A} =21 ~0 1] 4 [l 1.5
= [3-8:32:3:1) + |22+1, 2+ (=2), =2+ 1] + [=1, =1, —2]
= 6,9, —1].



CHAPTER 1. VECTORS

b =

13. u = [cos60°,sin 60°] = [% %} and v = [cos 210°, 5in 210°] = [—%, = } so that

5k

1 V3 V3 1
2 +§]-

14. (a) AB=b-a
(b) Since OC = AB, we have BC =0OC —b=(b—a)— b= —a.
(c) AD = —2a.
(d) CF = —20C = —2AB = —2(b—a) = 2(a—b).
(e) AC=AB+BC =(b—a)+ (—a)=b —2a.
(f) Note that FA and OB are equal, and that DE = —AB. Then

ﬁj+D_E’+ﬁ=—a—A_JBi+D_B’=—a—[b—a}+b={].

property e. property h.
distributivity associativity

15. 2(a — 3b) + 3(2b + a) = (2a — 6b) + (6b + 3a) = (2a + 3a) + (—6b + 6b) = 5a.

16.

property e.
distributivity

—3(a—c)+2(a+2b)+ 3(c—b) = (—3a+ 3c¢) + (2a+ 4b) + (3¢ — 3b)

property b.
associativity

= (—3a + 2a) + (4b — 3b) + (3¢ + 3¢)
= —a+ b+ 6e.

17. x—a=2(x—-2a)=2x—-4da=x—-2x=a—4a= —x=—-3a=x = 3a.
18.

x+2a—b=3(x+a)—2(2a—b)=3x+3a—4a+2b =
x—3x=-a—2a+2b+b =
—-2x=-3a+3b =
3 3

R %k
X=35273

19. We have 2u+3v=2[1,-1]+3[1,1] =[2-143-1,2-(—-1)+ 3-1] = [5,1]. Plots of all three vectors are
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20. We have —u —2v = —[-2,1] — 22, -2] = [-(-2) - 2-2,—-1 — 2 - (=2)] = [-2,3]. Plots of all three
vectors are

21. From the diagram, we see that w =
—2u + 4v.

22. From the diagram, we see that w = 2u+

3v.

23. Property (d) states that u+ (—u) = 0. The first diagram below shows u along with —u. Then, as the
diagonal of the parallelogram, the resultant vector is 0.

Property (e) states that ¢(u+ v) = ecu+ ev. The second figure illustrates this.
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24. Let u = [u1,u2,...,un] and v = [v1,v2,...,vn], and let ¢ and d be scalars in R.
Property (d):

u+ (—u) = [uy,us, ..., u,] + (—1ug, ua, ..., uy])
= [u1, U2, ..., Un] + [~u1, —ua, ..., —uy,]

= [u1—ﬂ111-'=2—1-52=---1un _”n]

Property (e):

c(u+v) = c([ug,ua, ..., u,] + [v1,02,...,05])

(

= c([uy + vy, u2 + Vo, ..., Up + Vy])
(

= |ciy + oy, Uy + Vg, - .., ClUy + f:vﬂ]
= [eur, cua, . .., cun] + [cv1, cvo, . . ., cvn]
= cftiy, Ug, .-, Un| + iy, V9, ..., 0]

= cu+ cv.
Property (f):

(c+du=(c+d)|u,ug,...,u,
= [(e+ d)ur, (e + d)ua, ..., (¢ + d)un]
= [cuy + duy, cus + dus, . .., cuy, + duy|
= [cuq, cug, . .., cuy] + [duy, dus, . . ., duy|
= cfuq, Uz, . ... un] +dfug, us, ..., uy)

= cu + du.

Property (

g

):

c(du) = e(d[uy, us, .. ., uy))
= ¢[duy, dus,. .., du,|
= [eduy, edus, . . . , cduy]
= [(ed)uy, (ed)ua, . . ., (cd)uy,]
= (ed)|u1, 2, .- -, tn]
= l:f.'d)ll.

25. u+v=[0,1]+[1,1] = [1,0].

26. u+v=][1,10]+[1,1,1] = [0,0,1].
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27. u+v=[1,0,1,1] + [1,1,1,1] = [0,1,0,0].
28. u+v=/[1,1,0,1,0]+[0,1,1,1,0] = [1,0,1,0,0].

29.
+ (0 1 2 3 -0 1 2 3
010 1 2 3 00 0 0 0
111 2 3 0 110 1 2 3
212 3 01 20 2 0 2
313 0 1 2 310 3 2 1

30.
+/0 1 2 3 4 01 2 3 4
0(0 1 2 3 4 010 0 0 0 0
111 2 3 4 0 1|01 2 3 4
2|12 3 4 01 2(0 2 4 1 3
313 4 0 1 2 30 3 1 4 2
414 01 2 3 410 4 3 2 1

31. 2+2+2=6=0in Zs.

32. 2.2.2=3-2=0in Zs.

33. 2(2+1+2)=2-2=3-1+1=1in Zj3.
34. 3+14+24+3=4-24+1=1 in Zy4.

35. 2:3-2=4-34+0=01in Z4.

36. 3(3+3+42)=4-6+0=0in Z,.

37. 2414+24+2+1=2in7Z3,24+14+2+2+1=0in2Z4,2+1+2+2+1=3 in Zs.
38. 3+4)(34+2+44+42)=2-1=2inZs.

39. 8(6+4+4+3)=8-4=5in Zy.

40. 2100 — (210)'0 — (1024)10 = 110 — 1 in Z,,.
41. [2,1,2] 4 [2,0,1] =[1,1,0] in Z3.

42. 2[2.9 1=2-2,2.-2,9.1) =11, L, 9} 2§

43. 2([3,1,1,2] + [3,3,2,1]) = 2[2,0,3,3] = [2-2,2-0,2-3, 2-3] = [0,0,2,2] in Z}
2([3,1,1,2] + [3,3,2,1]) = 2[1,4,3,3| = [2-1, 2-4, 2-3,2- 3] = [2,3,1,1] in Z?
44. 1 =2+ (-3)=2+2=4in Zs;.

45. r=14(-5)=14+1=2in Zq

46. 1 =2"1=2in Zs.

47. No solution. 2 times anything is always even, so cannot leave a remainder of 1 when divided by 4.
48. +=2"1 =3 in Zs.

49. 1 =314=2-4=3 in Zs.

50. No solution. 3 times anything is always a multiple of 3, so it cannot leave a remainder of 4 when
divided by 6 (which is also a multiple of 3).

51. No solution. 6 times anything is always even, so it cannot leave an odd number as a remainder when
divided by 8.
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52. r=8"10=7.9=8in Z
53. z=2"12+(-3))=3(2+2)=2in Zs.
54. No solution. This equation is the same as 40 =2 — 5 = —3 = 3 in Zg. But 4 times anything is even,

so it cannot leave a remainder of 3 when divided by 6 (which is also even).

55. Add 5 to both sides to get 6z =6,sothat r=1orz =5 (since 6-1 =6 and 6 -5 =30 =6 in Zg).

56. (a) All values. (b) All values. (¢) All values.

57. (a) All a # 0 in Z; have a solution because 5 is a prime number.

(b) @ =1 and a = 5 because they have no common factors with 6 other than 1.

(¢) a and m can have no common factors other than 1; that is, the greatest common divisor, ged, of

a and m is 1.

1.2 Length and Angle: The Dot Product

1. Following Example 1.15, u-v = _é . 13 =(-1)-34+2-1=-3+2=-1
; [ 3] [4]
2. Following Example 1.15, u-v = _a| " |g =3-44(-2)-6=12-12=0.
1 2
3. u-v=|2|-|3|=1-242-343-1=24+6+3=11.
3 1

4. 0-v=32-15+(—06) 41+ (—1.4)-(—0.2) = 4.8 — 246+ 0.28 = 2.62.

5. u-v= %} : Z/E} =1-44v2-(=vV2)+V/3-0+0-(-5)=4-2=2.
0 -5

[ 1.12 [—2.29
_|-3.25 1.72| SR e ST, _ L .0
6. u-v= 207! 433 =-1.12-229—-3.25-1.72+2.07-4.33 — 1.83 - (—1.54) = 3.6265.
—1.83| |-1.54

7. Finding a unit vector v in the same direction as a given vector u is called normalizing the vector u.

Proceed as in Example 1.19:
Jull = VCDEF 2 = 5,

S0 a unit vector v in the same direction as u is

S PP -1 |-=
Sl VR 2| Z |

o

8. Proceed as in Example 1.19:

lul| = /32 + (=22 =v9+4 =13,

s0 a unit vector v in the direction of u is

3
e 1 s 1 3 o (|55 .
M= VIS =2 T |-




1.2.

10.

11.

12.

13.

14.

15.

LENGTH AND ANGLE: THE DOT PRODUCT

. Proceed as in Example 1.19:

lufl = V12 + 22 + 32 = V14,

so a unit vector v in the direction of u is

—

i 1 1 14

v= u= gl |
Fal = Vi 7

o B v

Proceed as in Example 1.19:
lul| = v/3.22 + (—0.6)2 + (—1.4)2 = /10.24 + 0.36 + 1.96 = V/12.56 = 3.544,

s0 a unit vector v in the direction of u is

: . 1.5 0.903
== e .4 = —1) ]_ .
Vel 3544 0 2103

-2.1 —0.395

Proceed as in Example 1.19:

]l = \/12+ (\/:7)2+

s0 a unit vector v in the direction of u is

V3) 402 =G,

o

1

_1 1 V2
lall ™ V6 | V3
0

v

|

o Slaslosl
|

o - 55
|

o selels

I
L
I
L
I
L
I
L

Proceed as in Example 1.19:

lul| = v/1.122 + (=3.25) + 2.072 + (—1.83)2 = +/1.2544 + 10.5625 + 4.2849 + 3.3489

= Vv 19.4507 == 4.410,
s0 a unit vector v in the direction of u is
1 1 ' ‘ | )
Yl g 325 207 AR RNt 0T aue =Rl

Following Example 1.20, we compute: u — v = [_ﬂ - E} = [_ﬂ , 8O

d(u,v) = lu—v| =/ (-4)> +12 = VIT.

Following Example 1.20, we compute: u — v = [_g:| — |:§:| = [_;:| . 8O

d(u,v) =|u—-v| = \/[—lj2 - {—8]2 — V65.

1 2 -1
Following Example 1.20, we compute: u—v = |2| — |3| = |—1], so
3 1 2

d(u,v) = [lu—v|| = \/(=1)* + (-1)* + 22 = V&,

11
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32 1.5 & |
16. Following Example 1.20, we compute: u—v = |—-0.6] — | 41| = |—-4.7|, so
—-14 —0.2 —1.2
du,v) = [Jlu—v|| = V/1.72 + (—4.7)2 + (-1.2)2 = v/26.42 =~ 5.14.
17. (a) u-v is a real number, so ||u- v|| is the norm of a number, which is not defined.
(b) u- v is a scalar, while w is a vector. Thus u-v + w adds a scalar to a vector, which is not a
defined operation.
(c) uis a vector, while v - w is a scalar. Thus u- (v - w) is the dot product of a vector and a scalar,
which is not defined.
(d) ¢-(u+v) is the dot product of a scalar and a vector, which is not defined.
18. Let # be the angle between u and v. Then
i el =l)ef ol __ 3 _ V2
lallllvll V37 +02/(-1)2+12  3v2 2
Thus cos# < 0 (in fact, # = %’r} so the angle between u and v is obtuse.
19. Let # be the angle between u and v. Then
9 u-v 2-14+(-1)-(=2)+1-(-1) 1
cosf = = = —.
lalllivll /22 4+ (-1)2+12,/12+ (-2)2 +12 2
Thus cos @ > 0 (in fact, # = ), so the angle between u and v is acute.
20. Let # be the angle between u and v. Then
s LV 4-14+3-(-1)+(-1)-1 0 0
MVl ~ VP17 Ce/ s P VBv3
Thus the angle between u and v is a right angle.
21. Let 8 be the angle between u and v. Note that we can determine whether # is acute, right, or obtuse
by examining the sign of Tlﬁuﬂ;ﬂv?ﬂ'ﬂ which is determined by the sign of u - v. Since
u-v=09-(—-45)+21-26+1.2-(-0.8) =0.45 > 0,
we have cos# > () so that # is acute.
22. Let # be the angle between u and v. Note that we can determine whether # is acute, right, or obtuse
by examining the sign of ﬂfﬂlﬂ%ﬂ’ which is determined by the sign of u - v. Since
u-v=1-(-3)+2-1+3-2+4-(-2) =-3,
we have cosf < () so that @ is obtuse.
23. Since the components of both u and v are positive, it is clear that uw- v > 0, so the angle between
them is acute since it has a positive cosine.
24. From Exercise 18, cosf = —‘;—5, so that # = cos™! (—3?) = ST” = 135°.
25. From Exercise 19, cosf = %, so that 8 = cos™! % = 3 = 60°.
26. From Exercise 20, cos# = 0, so that # = § = 90° is a right angle.
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27. As in Example 1.21, we begin by calculating u - v and the norms of the two vectors:

u-v=09-(—45)+21-26+1.2-(—0.8) = 0.45,
lul| = V0.9 +2.12 + 1.22 = V6.66,
Ivll = V/(—=4.5)2 + 2.62 + (—0.8)2 = V27.65.

So if # is the angle between u and v, then

u-v 0.45 - 0.45

[al[ V]l ~ V6.66v/27.65 +/182.817

cosf =

so that

0 = cos™! (\%) =~ 1.5375 =~ 88.09°.

Note that it is important to maintain as much precision as possible until the last step, or roundoff
errors may build up.

28. As in Example 1.21, we begin by calculating u - v and the norms of the two vectors:
u-v=1-(-3)+2-143-24+4-(-2)=-3,

Jul| = 12 +22 + 32 + 42 = /30,
IVl = V(=3)2 + 12 + 22 + (-2)2 = V8.

So if @ is the angle between u and v, then

u-v 3 1 1 ( 1 ) .
cosf = = = —e—— go that & = cos —_—— ] = 1.7 =~ 97.42°.
Julf [[v]] v304/18 2\/15 2v/15

29. As in Example 1.21, we begin by calculating u - v and the norms of the two vectors:
u-v=1-54+2-64+3-744-8=70,
luf| = V12 +22 4+ 32 + 42 = V/30,
[v]| = v/52 + 62 + 72 + 82 = V174

So if # is the angle between u and v, then

u-v 70 35 - ( 35 ) "
cosf = so that 0 = cos = (0.2502 ~= 14.34°.
[l vl ~ V30v/ira  3viss 3./145

30. To show that ﬁABC is right, we need only show that one pair of its sides meets at a right angle. So
let u = AB v = BC and w = AC. Then we must show that one of u - V, u-W Or v-w is zero in
order to show that one of these pairs is orthogonal. Then

u=AB=[1-(-3),0-2]=[4,-2], v=BC=[4-1,6-0]=[3,6],
w=AC =[4—(-3),6 -2 =[7,4],

and
u-v=4-34+(-2)-6=12-12=0.

Since this dot product is zero, these two vectors are orthogonal, so that AB | BC and thus AABC is
a right triangle. It is unnecessary to test the remaining pairs of sides.
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To show_that ﬁABC is right, we need only show that one pair of its sides meets at a right angle. So
let u = AB V= BC and w = AC. Then we must show that one of u - V, U+W Or VW i$ zero in
order to show that one of these pairs is orthogonal. Then

AB =]-3— ¥, 31, (<9 —(=1)] =]-4,1,=1];

u=
v=BC=[2-(-3),2—2 —4—(=2)] = [5,0,-2],
w=AC=[2-1,2-1,-4—(-1)] =[1,1,-3],

and

u-v=—4-5+1-0—-1-(-2)
u-w=—-4-141-1-1-(-3)

—18
0.

Since this dot product is zero, these two vectors are orthogonal, so that AB | AC and thus AABC is
a right triangle. It is unnecessary to test the remaining pair of sides.

As in Example 1.22, the dimensions of the cube do not matter, so we work with a cube with side length
1. Since the cube is symmetric, we need only consider one diagonal and adjacent edge. Orient the cube
as shown in Figure 1.34; take the diagonal to be [1, 1, 1] and the adjacent edge to be [1,0,0]. Then the
angle # between these two vectors satisfies

1-141-041-0 1

1
cosfl = = : 50 0 = cos ? (—) =2 54.74°.
V3v1 V3’ V3

Thus the diagonal and an adjacent edge meet at an angle of 54.74°.

As in Example 1.22, the dimensions of the cube do not matter, so we work with a cube with side length
1. Since the cube is symmetric, we need only consider one pair of diagonals. Orient the cube as shown
in Figure 1.34; take the diagonals to be u = [1,1,1] and v = [1,1,0] — [0,0,1] = [1,1, —1]. Then the
dot product is

dewes Dl 150 g1 s =i i g0 =0 e T2b{,

Since the dot product is nonzero, the diagonals are not orthogonal.

To show a parallelogram is a rhombus, it suffices to show that its diagonals are perpendicular (Euclid).

2 1
di-da= (2| |-1|=2-14+2-(-1)4+0-3=0.
0 3

To determine its side length, note that since the diagonals are perpendicular, one half of each diagonal
are the legs of a right triangle whose hypotenuse is one side of the rhombus. So we can use the
Pythagorean Theorem. Since

di|I* =22 +2°+ 0% =8,  |[dof® =17+ (-1)>+3% =11,

2 2
o_ (1du\* , (ldal)*_8 11 _ 19
a-—( 5 + > _44_4_4’

we have for the side length

-
-
w0

so that s = J@ =~ 2.18.

Since ABC'D is a rectangle, opposite sides BA and C'D are parallel and congruent. So we can use

the method of E}:a:mple 1.1 in Section 1.1 to find the coordinates of vertex D: we compute BA =
1—-3,2-6,3—-(-2)=[-2,-4,5]. If BA is then translated to CD where C' = (0,5, —4), then

= (0+ (—=2), 5+ (—4), —4+5) = (-2,1,1).
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36. The resultant velocity of the airplane is the sum of the velocity of the airplane and the velocity of the

wind:
B _ (200 01 ] 200

37. Let the x direction be east, in the direction of the current, and the y direction be north, across the
river. The speed of the boat is 4 mph north, and the current is 3 mph east, so the velocity of the boat

~[+B-

38. Let the x direction be the direction across the river, and the y direction be downstream. Since vt = d,
use the given information to find v, then solve for ¢ and compute d. Since the speed of the boat is 2()

km/h and the speed of the current is 5 kin/h, we have v = [%U:| . The width of the river is 2 km, and

the distance downstream is unknown; call it y. Then d = i] . Thus

8-}

Thus 20t = 2 so that £ = 0.1, and then y = 5- 0.1 = 0.5. Therefore

(a) Ann lands 0.5 km, or half a kilometer, downstream;

(b) It takes Ann 0.1 hours, or six minutes, to cross the river.

Note that the river flow does not increase the time required to cross the river, since its velocity is
perpendicular to the direction of travel.

39. We want to find the angle between Bert’s resultant vector, r, and his velocity vector upstream. v. Let
the first coordinate of the vector be the direction across the river, and the second be the direction

0

upstream. Bert’s velocity vector directly across the river is unknown, say u = [ } . His velocity vector

0
upstream compensates for the downstream flow, so v = {1

}. So the resultant vectorisr=u+4+v =

[ﬂ = [ﬂ = [ﬂ Since Bert’s speed is 2 mph, we have ||r| = 2. Thus
2+ 1=|r|°=4, sothat z=+3.

If # is the angle between r and v, then

cosf = it =‘/§, so that 6 = cos™ ! ﬁ =6,
el vl 2 2

40. We have

. u-v (=1)-(=2)+1-4 -1 -1 -3
Pm*]“‘:u‘u“:[—1)-(—1]+1-1[ 1}=3[ 1]={ 3]'

A graph of the situation is (with proj, v in gray, and the perpendicular from v to the projection also
drawn)
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41. We have

RS

roi v_ll*\-'u_ %'14—(_&‘2) % __lu—_u
PROb, W= ~ B34~ (-2 [-& I 7

5
A graph of the situation is (with proj, v in gray, and the perpendicular from v to the projection also
drawn)

42. We have

1 1 4
1 1 1 3 3 3
proj v=uu= §:2—3:2—3-4=2) _i ;ﬁ _i = _;
u 1 1 1 1 1 1 4 ‘ 4 3
wat gepb{=g) el == | 3| 3% | 3 3
2 2 3
43. We have
- - i
roi v_u'vu_1*2+(—1}-[—3]+1-(—l)+(—1]-(—2} =8} &=L —3 _§u
R o - Ll (=D A—1) +1-14 (1) (=1} 1| 4] 1] | & 2
3
| 1] =1 -2
44. We have
- v_u-vﬂ_ﬂ.&-?.l—l—lﬁ-l.? 0.5| _ 2.85 [0.5] _ [0.57 =1 T4
P Y = i u T 05-05+15-15 |15 T 25 [15] T |17 T
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45. We have
; - 3.01
1w N 3.01-1.34 —-0.33-4.25 +2.52 - (—1.66) 0.33
T T — — —(].
P w a7 3001-301 - 0.33-(—0.33) + 252252 | o xp
: 3.01 —0.301
1.552 1
= —1555154 —0.33 = | 0.033| = —EU
i 2.52 —0.252
b 2-1 1 — 4—1 3
46. Letu—AB—[Q_[_lJ—{S} and v = AC = l i 1]}—{}
(a) To compute the projection, we need
1] [3 1] 1
u-v:[?’]-!l}—ﬁ, u-u—[gi--g}—lﬂ.
Thus )
u-v. 3|1 |2
pm]“v—u‘uu—_&,} 3| %
so that
3 3 12
1 5 =
Then
12\*  [4\® 4aV1
ull = VETF = VI, |lv — proj, v] = \/ () +(3) =22
so that finally
1 ; | 41
A= 5 lull v — proj, vl = 5VI0- Q 4.
(b) We already know u-v = 6 and ||u]| = v/10 from part (a). Also, ||v]| = V32 +12 = V10. So
R u-v 6 3
()5 — — = -
[af vl viOvio 5
so that
.' 2
sinff = v 1—cos2f0=4/1— (g) = -
Thus

1 1 4
A= lull [Vl sin6 = -Jfﬁ\/iﬁﬁ - =4

4-3 1
47. Let u= AB = [—2—{—1}] = [—1] and v=AC = |0 [ —{ I]] [ ]
6—4 2

(a) To compute the projection, we need

o[ [§

Thus
1 —1
0j, V a vu 2 1 f
I - — = — — —_— — =
PIO]y u-u ﬁ 2
2 -1
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so that
A [-4] [%
vV — proj,v = 1] = % - %
-2 —1 -1
Then
2 2 /30
Jull = V12 + (=12 +22 = V6, ||v—proj.v| = \/(;) + (%) + (1) = '2;,

so that finally

6. A _ V8,

1 .
A= 3 |lulf{lv — proj, v|| =

2% 2 2
(b) We already know u-v = —3 and ||u| = /6 from part (a). Also, ||v]| = /22 +12 4 (=2)2 = 3.
So
costl = ny 3 ——@
bVl 3ve 6’
so that
2
sinfl =y/1—cos?0=,|1— (%E) = @
Thus /3 JE
1 : 1 ‘ :
A=l lvlising = 3V 3. Y20 = 22

Two vectors u and v are orthogonal if and only if their dot product u-v = 0. So we set u-v =0 and
solve for k:

3| k-1

Substituting into the formula for v gives

u-v=H*[k+1]=[] = 2(k+1)4+3(k—-1)=0 = 5k—1=0 z}*k:%.

As a check, we compute

!

and the vectors are indeed orthogonal.

Ll s o
o
=

Two vectors u and v are orthogonal if and only if their dot product u-v = 0. So we set u-v = 0 and
solve for k:

1 k2
nv=|-1|-| k| =0= ¥ -k-6=0 = k+2)(k—3)=0 =k=2,-3.
2 -3
Substituting into the formula for v gives
[29)2 4 [8%] 9
=2z wp=] =& | =2} =—3F: gg=| 3 =] 3
-3 —3 | —3] -3
As a check, we compute
1 4 1] [ 9]
u-vy=|-1|-{-2|=14-1-(-2)4+2-(-3)=0, u-vo=|-1|-| 3| =1-9-1-3+2-(-3)=0
2 —3 21 [-3]

and the vectors are indeed orthogonal.
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50. Two vectors u and v are orthogonal if and only if their dot product u-v = 0. So we set u-v =0 and

al.

solve for y in terms of z:

u-v= {ﬂ . [ﬂ =0 = 3r+y=0 = y=-—3z.

Substituting y = —3x back into the formula for v gives

— x _“. 1
— 32| TF _—3 '

_; . As a check,

Thus any vector orthogonal to ﬁ] is a multiple of [

|3 £ | s )
u-v= [1] [_33:} = 3z — 3z = 0 for any value of =,

so that the vectors are indeed orthogonal.

As noted in the remarks just prior to Example 1.16, the zero vector 0 is orthogonal to all vectors in

R2. So if [§:| = 0, any vector [I
Yy
nonzero. Two vectors u and v are orthogonal if and only if their dot product u-v = (0. So we set

u- v = () and solve for y in terms of x:

] will do. Now assume that E # 0; that is, that either a or b is

n-v= [g] . Iiﬂ =0 = axr+by=0.

First assume b # (. Then y = — 3, so substituting back into the expression for v we get

So in either case, a vector orthogonal to [g] , if it is not the zero vector, is a multiple of [_ b]. Asa
check, note that
[a] : [ Tb] = rab — rab = () for all values of r.
b —ra
52. (a) The geometry of the vectors in Figure 1.26 suggests that if ||u + v|| = ||ul| + ||v]|, then u and v

point in the same direction. This means that the angle between them must be (). So we first prove

Lemma 1. For all vectors u and v in R? or R3, u-v = ||ul| ||v| if and only if the vectors point
in the same direction.

Proof. Let # be the angle between u and v. Then

m-v

cosf) = ——
[all v’

so that cos@ = 1 if and only if u-v = [|ul| ||v||. But cosf = 1 if and only if # = 0, which means
that u and v point in the same direction. [
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We can now show

Theorem 2. For all vectors u and v in R? or R?, |lu+ v| = |Ju|| + ||v|| if and only if u and v
point in the same direction.

Proof. First assume that u and v point in the same direction. Then u- v = ||ul| ||v||, and thus

lu+v[>=u-u+2u-v+v-v By Example 1.9
=|ul|® +2u- v + ||v|]? Since w - w = ||w||* for any vector w
= lul® + 2l [v]| + [vI® By the lemma
= (llull + fIvI)*-

Since ||u + v|| and ||u||+||v]|| are both nonnegative, taking square roots gives ||u + v|| = ||u||+||v]l.
For the other direction, if ||u 4 v|| = [[u]| + ||v||, then their squares are equal, so that

2 2 2
(hafl +1IvID™ = llufl” + 2|l [v]] + [Iv]]” and

[u+v|°’=u-u+2u-v4+v-v

are equal. But |Jul|® = u - u and similarly for v, so that canceling those terms gives 2u - v =
2 ||ul| ||v|| and thus u-v = ||uf| ||v|. Using the lemma again shows that u and v point in the same
direction. [l

The geometry of the vectors in Figure 1.26 suggests that if ||ju+ v|| = ||u|| — ||v||, then u and v
point in opposite directions. In addition, since ||u+ v|| = 0, we must also have [|ul| = ||v|. If
they point in opposite directions, the angle between them must be w. This entire proof is exactly
analogous to the proof in part (a). We first prove

Lemma 3. For all vectors u and v in R? or R?, u-v = — ||u| ||v|| if and only if the vectors point
in opposite directions.

Proof. Let # be the angle between u and v. Then

0 u-v
cos ) = ———0

[l fvll
so that cos# = —1 if and only if u- v = —||ul| ||v]|. But cosé = —1 if and only if # = 7, which
means that u and v point in opposite directions. O
We can now show
Theorem 4. For all vectors u and v in R? or R?, |lu+ v| = |Ju|| — ||v|| if and only if u and v

point in opposite directions and ||u|| > ||v||.

Proof. First assume that u and v point in opposite directions and |Ju]| > |v|]. Then u-v =
— |lu]| [|v]|, and thus

lu+v|[?=u-u+2u-v+v-v By Example 1.9
= ||u||2 +2u-v+ ||v||2 Since w - w = ||W||2 for any vector w
=|u)® = 2|l ||v]| + Ivl® By the lemma
= (Ilull — [IvIl)*.
Now, since ||u]| > ||v|| by assumption, we see that both ||ju + v|| and |ju|| — ||v|| are nonnegative,

so that taking square roots gives ||u+ v|| = ||u]| — ||v]|. For the other direction, if |ju+v| =
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|[al| = ||v]|, then first of all, since the left-hand side is nonnegative, the right-hand side must be
as well, so that ||u|| > ||v||. Next, we can square both sides of the equality, so that

2 2 2
(Ihall = [lv])™ = [fall” = 2 [laf vl +[[v]" and
[u+v|°’=u-u+2u-v4+v-v

are equal. But |lul|® = u - u and similarly for v, so that canceling those terms gives 2u - v =
—2||uf| |v]| and thus u-v = — ||uf|||v]]. Using the lemma again shows that u and v point in
opposite directions. L

Prove Theorem 1.2(b) by applying the definition of the dot product:

u-v=uy(vy +wi)+us(ve +wa) + -+ (v, + wy,)
= w1ty +ujwy + ugta + uata + - - - + Upty + upwy
= (u1v1 + u2va + + -+ + UnUn) + (wr1w1 + vsw2 + -+ - + UnWn)
=u-v+u-w.

Prove the three parts of Theorem 1.2(d) by applying the definition of the dot product and various
properties of real numbers:

Part 1: For any vector u, we must show u-u = (. But
s , . 2 2 2
-1 = Uy + Ut + - -+ Uty = U]+ U5 +--- U

Since for any real number = we know that x2 > 0, it follows that this sum is also nonnegative, so
that u-u > 0.
Part 2: We must show that if u = 0 then u-u = (0. But u = 0 means that u; = 0 for all 7, so that

u-u=0-04+40-04+---40-0=0.
Part 3: We must show that if u-u = 0, then u = 0. From part 1, we know that
u*u=u?—|—-ug—|—~- —I—ui,

and that u? > 0 for all i. So if the dot product is to be zero, each u? must be zero, which means
that u; = 0 for all ¢ and thus u = 0.

We must show d(u,v) = |Ju—v| = ||[v —ul] = d(v,u). By definition, d(u,v) = |ju— v||. Then by
Theorem 1.3(b) with ¢ = —1, we have ||—w|| = ||w|| for any vector w; applying this to the vector u—v
gives

la—v]| =ll-(u—=v)[=[lv—ul,

which is by definition equal to d(v,u).

We must show that for any vectors u, v and w that d(u,w) < d(u,v) +d(v,w). This is equivalent to
showing that |lu — w|| < [|lu — v|| 4 ||v — w||. Now substitute u — v for x and v — w for y in Theorem

1.5, giving

Ju—w| =l(u=v)+(v—w) <[lu-v|]+][v-w].

We must show that d(u,v) = |ju—v|| = 0 if and only if u = v. This follows immediately from
Theorem 1.3(a), |[w]|| = 0 if and only if w = 0, upon setting w = u — v.

Apply the definitions:

u-ev = [ug,us,. .., Uy - [cv1,c09,. .., cUy]
= uicry + uzcvz + ¢ - - 4+ UpCiin
= cu?ty + cusvs 4 -+ - 4 cu, vy
= c(uyvy + ugva + -+ - + Upvy)
c(u-v).
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We want to show that |ju — v|| = |lu|| — ||v||. This is equivalent to showing that ||ul| < ||lu — v| +||v].
This follows immediately upon setting x = u — v and y = v in Theorem 1.5.

If u-v=u-w, it does not follow that v = w. For example, since 0 - v = () for every vector v in R",
the zero vector is orthogonal to every vector v. So if u = 0 in the above equality, we know nothing
about v and w. (as an example, 0-[1,2] = 0-[-17,12]). Note, however, that u-v = u - w implies
that u-v —u-w = u(v — w) = 0, so that u is orthogonal to v — w.

We must show that (u+ v)(u—v) = |lu|* = ||v||* for all vectors in R™. Recall that for any w in R"
that w - w = ||w]|?, and also that u-v = v - u. Then

(u+v)u—v)=u-ut+v-u—u-v-v-v=|uf’ +u-v—u-v—|v|? = |ul’ - |v|’

(a) Let u,v € R". Then

lu+v|P+lu=vl|P=@+v)-(u+v)+(u—-v)-(u—v)

(u-u+v-v4+2u-v)+(u-u+v-v—-2u-v)

(I + lvn)+mrv+0mm+va)—mrv
2l + 2 vII*.

(b) Part (a) tells us that the sum of the
squares of the lengths of the diagonals
of a parallelogram is equal to the sum
of the squares of the lengths of its four
sides.

Let u,v € R". Then

1 1
7+ v = 5 fla—v|*

(ut+v)-(u+v)—((u-v) (u—-v)]

(u-u+v-v+2u-v)—(u-u+v-v—-2u-v)

(wn—mm)+@ﬂﬁmﬂﬁ+4m{

:: nhll—'nb-ll—lnhll—'

(a) Let u,v € R". Then using the previous exercise,
2 2
[a+v]=lu-v]<[u+v]" = [u-v|
&llut+v)’ = Ju-v|*=0
1 2 1 2
& lutvl® — - v]?=

su-v=,_0

< u and v are orthogonal.
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(b) Part (a) tells us that a parallelogram is
a rectangle if and only if the lengths of
its diagonals are equal.

65. (a) By Exercise 55, (u+v)-(u—v) = ||u|| —||v|| Thus (u+v)-(u—v) = 0 if and only if ||11|| = ||"!.pf||2
It follows immediately that u + v and u — v are orthogonal if and only if ||ul| = ||v||.
(b) Part (a) tells us that the diagonals of a
parallelogram are perpendicular if and uty
only if the lengths of its sides are equal,
1.e., if and only if it is a rhombus.
66. From Example 1.9 and the fact that w-w = ||w]||”, we have [Ju+ v|” = |[u|®> + 2u - v + ||v||>. Taking

the square root of both sides yields |ju + v| = \/ lul*> +2u- v+ |[v|]>. Now substitute in the given
values ||u|| =2, ||v|| = /3, and u- v = 1, giving

2
lu+v| = \/22+2ﬁ1+ (vﬁ) =Vi+2+3=v9=3.
67. From Theorem 1.4 (the Cauchy-Schwarcz inequality), we have |u-v| < ||ul/||v|]- If ||Ju]| = 1 and
||l¥]| = 2, then |u- v| < 2, so we cannot have u-v = 3.
68. (a) If u is orthogonal to both v and w, then u-v =u-w = 0. Then
u-(v+w)=u-v+u-w=0+0=0,

so that u is orthogonal to v + w.

(b) If u is orthogonal to both v and w, then u-v =u-w = 0. Then
u-(sv+tw)=u-(sv)+u-(tw)=s(u-v)+t(lu-w)=s5-0+t-0=0,
so that u is orthogonal to sv + tw.

69. We have
. u-v
u-(v—proj,v)=u- (v— (—) u)

u-u
u-v
=u-v—u-|—)u
u-u
u-v
=u-v—|— ) (u-u)
u-u

=u-v—u-v

=4);
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1 =W

70. (a) proju(proj, v) = proj, (2¥u) = ¥ proj, u = 2¥u = proj, v.
(b) Using part (a),

&

i ( . o ( u-v )_(u-v) (u-V)
proj, (v — proj, v) = proj, V—u_uu padt G u— e proj, u

(c) From the diagram, we see that
proj, v|ju, so that proj, (proj,v) =
proj,v. Also, (v —proj,v) L u, so
that proj, (v — proj, v) = 0.

¥ — proj,(v) —praj,(v)

71. (a) We have

2 .2 2.2

2 2y¢. 2 2 2 2 2 T 2 2.9 2.2
(u] + u3)(v] + v3) — (wgvg + ugva)” = ujvy + ujv; + uzvy + usv; — ujv; — 2uV UV — USV;

= 'ﬂ,%?}% — u%vi? — 2uquatqva
A : ey
= (uyv2 — ugvy)”.
But the final expression is nonnegative since it is a square. Thus the original expression is as well,
showing that (uf + u3)(v? + v3) — (w11 + uzv2)? > 0.
(b) We have
2 2 By 2 2 2
(uf + uj + uz)(vi + v3 + v3) — (urv1 + ugvs + uzvs)
= u:‘{L% . u-%v% + uf 'U% + u%fuf + ugv% + u%v% - ugvf + u%v% + -u% '[-‘%
— ufﬂf — 2uqvi oty — u%vg — 2uqgvyusvy — u%ug — 2usvouaty
2. 2 - 3 2. 2 2 2 2 2 2.2
= U1Usy + UqUq + UaTH -+ Uonlia -+ a1 + Uag Ty
— 2ot Ve — 2u U Ua s — 2UaValialiy
2 2 2
= (u1v2 — uav1)” + (w1vy — usv1)* + (uzve — uavs)”.
But the final expression is nonnegative since it is the sum of three squares. Thus the original

expression is as well, showing that (u? + u2 + u3)(v? + v2 + v2) — (u1v1 + wova + uzvy)? > 0.

72. (a) Since proj, v = 2¥u, we have

. : u-v u-v
proj, v (v —proj,v) = —u- (v — —u)

u-u um-u
um-v u-v

= u ——u-u
u-un u-u
u-v
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so that proj,, v is orthogonal to v — proj,, v. Since their vector sum is v, those three vectors form
a right triangle with hypotenuse v, so by Pythagoras’ Theorem,

s ol - oo il 2
[proju v[|I” < [lproju vi|” + [[v — proj, v|™ = [lv]".
Since norms are always nonnegative, taking square roots gives ||proj, v|| < ||v]l.

(b)

lprojy vl < IVl = ||(5=) uf| < Ivi

(55

1m -

— ull < vl
u ||
ju-v]

s < vl
u]

= Ju-v] < full v,

which is the Cauchy-Schwarcz inequality.

73. Suppose proj, v = cu. From the figure, we see that cosf = Ch':” . But also cosf = phatr. Thus these
two expressions are equal, i.e.,
¢ ||ull u-v u-v u-v u-v
= = c|u|| = — = ¢ =
Vi vl

[[ul [uflffu]  w-uw
74. The basis for induction is the cases n = 1 and n = 2. The n = 1 case is the assertion that ||vi] < ||v2]|,
which is obviously true. The n = 2 case is the Triangle Inequality, which is also true.

Now assume the statement holds for n = k > 2; that is, for any vy, va,..., vi,
vi+va+-o- vl < [[vall + [lvall + -« + [Ivell -
Let vy, va,..., Vi, Viy1 be any vectors. Then

lvi+va+---+vi+viq| =|vi+va+ -+ (Vi + Vi)
< lvall + lIvall + -+~ + Ve + Viegall

using the inductive hypothesis. But then using the Triangle Inequality (or the case n = 2 in this
theorem), ||vi + vis1]l < ||[ve] + |[Ve+1]|- Substituting into the above gives

[Vvi+va+ -+ v+ viqa| < |[va]l + [vell + - + ||k + Vit ||
< vall + llvall 4= -+ lviell + lviesll

which is what we were trying to prove.

Exploration: Vectors and Geometry

1. As in Example 1.25, let p = OP. Then p—a = AP = %E: i(b—a),sothat p=a+ 1(b—a)
3(2a+ b). More generally, if P is the point L of the way from A to B along AB, thenp—a= AP
;IEAB = }l(b —a),sothat p=a+ ;lij(b —a) = :*!_I[(n — 1)a+ b).

(a+ ¢) and

] L]

2. Use the notation that the vector OX is written x. Then from exercise 1, we have p =
q = 3(b+c¢), so that

PG=q-p=g(b+c)-(atc)=s(b-a)= ;A5

1
2 2
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. Draw AC. Then from exercise 2, we have @ = %E = SE. Also draw BD. Again from exercise 2,

we have PS = %ﬁ = @?’ Thus opposite sides of the quadrilateral PQQRS are equal. They are also
parallel: indeed, ABP() and ABAC are similar, since they share an angle and BP : BA = B(@) : BC.
Thus ZBPQ = ZBAC; since these angles are equal, PQ| AC. Similarly, SR||AC so that PQ|SR. In
a like manner, we see that PS||RQ. Thus PQRS is a parallelogram.

. Following the hint, we find m, the point that is two-thirds of the distance from A to P. From exercise

1. we have

p= i—)(b—l—c), so that m = é(ip—ka) = % (2-%{1}4—{:]4—3) = %(a+b—|—c}.

Next we find m’, the point that is two-thirds of the distance from B to ). Again from exercise 1, we
have

q= %{a+c}, so that m' = %(2q+b) = % (2-%{a+c]+b) = %(a—l—b—l—c).

Finally we find m”, the point that is two-thirds of the distance from C to R. Again from exercise 1,
we have

1 1 1 1 1
r= §{a+b], so that m” = §(2r+c) =3 (2~§(a+b)+c) = E[a—l—b—l—c].

Since m = m' = m"’, all three medians intersect at the centroid, G.

. With notation as in the figure, we know that AH is orthogonal to B_’C; that is, AH - BC = 0. Also

BH is orthogonal to AC : that is, BH - AC = (). We must show that CH - AB = 0. But

E-B_(3'=ﬂ:‘,~{h—a}*(b—c]zl[}:}h-b—h-c—aab+aac=[]
ﬁ-zﬁi—é=ﬂ:‘e{h—b)-(c—a)=(}:;~h-::—h*a—h*c—|—b-a=[].

Adding these two equations together and canceling like terms gives
0=h-b—h-a—c-b+a-c=(h—c)-(b—a)=CH - AB,

so that these two are orthogonal. Thus all the altitudes intersect at the orthocenter H.

. We are given that QK is orthogonal to AC and that PR is orthogonal to CTB’ and must show that

RK is orthogonal to AB. By exercise 1, we have q = %[a +c),p= %I[b +c),and r = %-I[a—l— b). Thus

OK -AC =0 [k—q)-{e—a) =0=> (k—%{a—l—c]) fc—a)=0
ﬁ:*(ﬁ=l’}:}{k—p}-(b—c}=ﬂ:} (k—%{b+c})-(b—c}=ﬂ.

Expanding the two dot products gives

1 1 1 1
k~c—k-a—§aac—|—§a-a—§c-c+ §aac=ﬂ

1 1 1 1
k-b—k-c—§b-b—|—§b-c— Ec*b+a2—c*c=[].

Add these two together and cancel like terms to get

0=k~b—kaa—%b~b+%a*a= (k—%{b+a)) .(b—a)=(k—r)-(b—a)=RK - AB.

Thus RK and AB are indeed orthogonal, so all the perpendicular bisectors intersect at the circumcen-
ter.
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7. Let O, the center of the circle, be the origin. Then b = —a and |I.'£1|I2 = ||+::|!2 = r? where r is the radius
of the circle. We want to show that AC' is orthogonal to BC'. But

AC-BC=(c—a)-(c—b)
=(c—a)-(c+a)
=llcl* +c-a—|a]*—a-c
=(a-c—c-a)+(r*—r?) =0
Thus the two are orthogonal, so that ZACB is a right angle.
8. As in exercise 5, we first find m, the point that is halfway from P to R. We have p = $(a + b) and

r = z(c+d), so that

s %{p—l—r) " % (%(a—l—b)—l—%{c—l—d)) = i[a—l—b—l—c—l—d].

Similarly, we find m’, the point that is halfway from @ to S. We have q = %{b—l— c) and s = -%I[a—l— d),
so that

m’ = %{q+s}= % (%(b+c}+ é(a—l—d]) = %[a—l—b—l—c—l—d}.

Thus m = m’, so that PR and @‘i intersect at their mutual midpoints; thus, they bisect each other.

1.3 Lines and Planes
1. (a) The normal formisn-(x —p) =0, or [g] - (x — [g]) = 0.

(b) Letting x = [‘1 , we get
Y

3 ({]-)- ] [ vvms

The general form is 3x + 2y = 0.

2. (a) The normal formisn-(x —p) =0, or [_z] - (x— [;:l) = ().

(b) Letting x = [ﬂ , we get

() - [ g s -swn=s

Expanding and simplifying gives the general form 3x — 4y = —5.

: .. 1 -1
3. (a) In vector form, the equation of the line is x = p +1id, or x = [0 +2 [ ‘}] ;

I

(b) Letting x = Eil and expanding the vector form from part (a) gives I:y = [1 _tt], which yields

the parametric form x =1 —#¢, y = 3¢.

4. (a) In vector form, the equation of the line is x =p +td, or x = [_i] +t ]lL] .

(b) Letting x = ;:| and expanding the vector form from part (a) gives the parametric form r = —4+¢,
y=4+1t.
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0 i 5
(a) In vector form, the equation of the line is x =p+td, or x= (0] +¢ [—1].
0 4
x
(b) Letting x = |y| and expanding the vector form from part (a) gives the parametric form = = t,
z
y=—1. 2=4%
3 2
(a) In vector form, the equation of the lineis x =p+td,orx= | 0| +1¢ |5].
—2 0
3 x 342t
(b) Letting x = |y| and expanding the vector form from part (a) gives |y| = 5t |, which
z 2 -2
yields the parametric form r =3+ 21, y = 5¢, z = —2.
3 0
(a) The normal formisn:(x—p)=0,0r (2| - |x— |1| | =0.
1 0
T
(b) Letting x = [y, we get
z
3 x 0 3 T
21 lyl =11l 1= 12| - |ly=-1| =3z+2(y—1)+2=0.
1 2 0 1 z

Expanding and simplifying gives the general form 3z 4 2y + z = 2.

2 3
(a) The normal formisn-(x—p)=0,0r [5|-|x—=| 0] | =0.
[‘] _‘
C
(b) Letting x = [y |, we get
z
2 T 3 2 r—3
0 z —2 0 z+2

Expanding and simplifying gives the general form 2x + 5y = 6.

(a) In vector form, the equation of the line is x = p + su+ v, or

0 2 -3
x= |0 4+s|1| +¢]| 2
0 2 1
T
(b) Letting x = |y| and expanding the vector form from part (a) gives
z
x 2s — 3t
yl =| s+ 2t
z 25+t

which yields the parametric form the parametric form © =2s —3t, y = s+ 2t, z = 2s + t.
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10. (a) In vector form, the equation of the line is x = p + su+ tv, or

6 0 -1
x=|-4] +s|1]|+¢] 1
-3 1 i |
T
(b) Letting x = |y| and expanding the vector form from part (a) gives the parametric form = = 6—t¢,
z

y=—-4+s+t,z=-3+s+1t.

11. Any pair of points on £ determine a direction vector, so we use P and Q. We choose P to represent
the point on the line. Then a direction vector for the line is d = PQ = (3,0) — (1,—-2) = (2,2). The

vector equation for the lineis x=p+1itd, or x = {_;] 4+ E} ;

12. Any pair of points on £ determine a direction vector, so we use P and ). We choose P to represent the
point on the line. Then a direction vector for the line is d = PQ = (—2,1,3) — (0,1, —=1) = (=2.0.4).

0 —2
The vector equation for the lineis x=p+td,orx=| 1| +¢| 0].
-1 4

13. We must find two direction vectors, u and v. Since P, ), and R lie in a plane, we compute We get
two direction vectors

u=PQ=q-p=(4,0,2) —(1,1,1) = (3,-1,1)
v=PR=r—p=(0,1,—-1)— (1,1,1) = (=1,0,-2).

Since u and v are not scalar multiples of each other, they will serve as direction vectors (if they were
parallel to each other, we would have not a plane but a line). So the vector equation for the plane is

1 3 -1
x=p+su+t+tv,orx=|1| +s|-1|+¢t| O].
1 1 —2

14. We must find two direction vectors, u and v. Since P, (), and R lie in a plane, we compute We get
two direction vectors

u=PQ=q-p=(10,1)—(1,1,0) = (0,-1,1)
v=PR=r—p=(0,1,1)—(1,1,0) = (—1,0,1).

Since u and v are not scalar multiples of each other, they will serve as direction vectors (if they were
parallel to each other, we would have not a plane but a line). So the vector equation for the plane is

1 0 o |
x=p+su+iv,orx=|1|+s|-1|+t]| 0}.
0 1 1

15. The parametric and associated vector forms x = p 4 td found below are not unique.

(a) As in the remarks prior to Example 1.20, we start by letting = = t. Substituting = = ¢ into
y=3xr—1 gives y = 3t — 1. So we get parametric equations x = t, y = 3t — 1, and corresponding

T 0 Ii
vector form L’:t = [_ l] + 1 [3]

b) In this case since the coefficient of y is 2, we start by letting x = 2¢. Substituting xr = 2t into
Y 3 g g
3z +2y =5 gives 3-2t + 2y = 5, which gives y = -3t + g So we get parametric equations x = 2t,
y= g — 3t, with corresponding vector equation
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16.

17.

18.
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Note that the equation was of the form az 4+ by = ¢ with a = 3, b = 2, and that a direction vector

was given by [_2] . This is true in general.

Note that x = p + t(q — p) is the line that passes through p (when t = 0) and q (when ¢ = 1). We
write d = q — p: this is a direction vector for the line through p and q.

(a) As noted above, the line p + td passes through P at ¢ = 0 and through @ at ¢ = 1. So as t varies
from 0 to 1, the line describes the line segment P().

(b) As shown in Exploration: Vectors and Geometry, to find the midpoint of PQ, we start at P
and travel half the length of PQ in the direction of the vector P_Q' = q—p- That is, the midpoint
of PQ is the head of the vector p + %(q — p). Since x = p+ t(q — p), we see that this line passes
through the midpoint at t = %., and that the midpoint is in fact p + %(q —p)= %(p +q).

(¢) From part (b), the midpoint is 1 ([2,=3] +[0,1]) = 3[2,-2] = [1,-1].

(d) From part (b), the midpoint is % ([1,0,1] +[4,1,-2]) = %[5, 1,-1] = [g, %, —%]

(e) Again from Exploration: Vectors and Geometry, the vector whose head is % of the way from
P to Q along PQ is x; = 3(2p + q). Similarly, the vector whose head is % of the way from P to

Q along PQ is also the vector one third of the way from Q to P along QP: applying the same
formula gives for this point x2 = %[Qq + p). When p = [2,—-3] and q = [0, 1], we get

e %{2[2, 3]+ [0,1]) = %[4, 5] =

x2 = 3(2[0,1] +[2,-3]) = 3[2,-1] =

(f) Using the formulas from part (e) with p=[1,0,—1] and q = [4, 1, —2] gives

1 1 (1 4]
x1 = 3(21,0,-1]+ [4,1,-2]) = 5[6,1, 4] = _2, 3 73]
1 1 . 2 B

= —(2|14.1,-2 1.0, —-1|) = =19,2, —5| = —, —=].
Kg 3( [ LS ]+[ -U:I ]) 3[93 1 5] -3: 31 3-

A line #; with slope mi has equation y = mix + b1, or —mix + y = bi1. Similarly, a line f2 with slope
ms has equation y = max + by, or —msx + y = by. Thus the normal vector for #; is ny = [_Tl] ., and
the normal vector for £5 is ns, = —trlug . Now, £; and {5 are perpendicular if and only if their normal

vectors are perpendicular, i.e., if and only if n; - ny = 0. But

ni-ns = [_:;L”l] . [_;”2:' =mamaz + 1.

so that the normal vectors are perpendicular if and only if myms+1 = 0, i.e., if and only if mym, = —1.

Suppose the line ¢ has direction vector d, and the plane % has normal vector n. Then ifd-n=0 (d
and n are orthogonal), then the line £ is parallel to the plane 22. If on the other hand d and n are
parallel, so that d = n, then £ is perpendicular to 2.

2

(a) Since the general form of 22 is 2x + 3y — z = 1, its normal vector isn = | 3|. Since d = 1n, we
-1
see that f is perpendicular to 22.
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4
(b) Since the general form of 22 is 4z — y + 5z = 0, its normal vector is n = |—1]|. Since
5
2 4
d-n=| 3| -|-1|=2-443-(-1)—-1-5=0,
—1 D
¢ is parallel to 22.
1
(c¢) Since the general form of 22 is * — y — z = 3, its normal vector is n = |—1|. Since
-1
2 1
doa=| Fl=|=1]=8143{1 =1 (=1) =T
-1 -1
{ is parallel to 22.
4
(d) Since the general form of & is 4x 4+ 6y — 2z = (), its normal vector isn = | 6. Since
—2
2 4 1
= 9

¢ is perpendicular to 2.

19. Suppose the plane 22, has normal vector n;. and the plane 22 has normal vector n. Then if n; -n =10
(n; and n are orthogonal), then 27 is perpendicular to Z2. If on the other hand n; and n are
parallel, so that n; = en, then 92, is parallel to 2?. Note that in this exercise, 5?; has the equation

4
dr —y+ 5z = 2, so that ny = | —1].
5
2
(a) Since the general form of 22 is 2z + 3y — z = 1, its normal vectorisn = | 3|. Since
-1
4 2
ng-n=|—-1|-| 3| =4-2—-1-34+5-(-1)=0,
5 -1
the normal vectors are perpendicular, and thus 22, is perpendicular to 2.
[ 4
(b) Since the general form of 22 is 4o — y + 5z = 0, its normal vector is n = |—1]|. Since n; = n,
5
2, is parallel to 2.
&
(c) Since the general form of 22 is x — y — z = 3, its normal vector isn = |—1{. Since
-1
4 1
n-n=|-1|-|-1{ =4-1-1-(-1)+5-(-1) =0,
5] —1

the normal vectors are perpendicular, and thus 2?2, is perpendicular to Z2.
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20.

21.

22,

23.
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4
(d) Since the general form of 22 is 4z + 6y — 2z = 0, its normal vector is n= | 6. Since
—2
4 4
ng-n=|—-1|-| 6| =4-4—-1-6+5-(-2)=0,
5] -2

the normal vectors are perpendicular, and thus 27, is perpendicular to 22.

Since the vector form is x = p + td, we use the given information to determine p and d. The general
equation of the given line is 2r — 3y = 1, so its normal vector is n = [ 3] . Our line is perpendicular

2

to that line, so it has direction vector d = n = {_,3

]. Furthermore, since our line passes through the

point P = (2,—1), we have p = . Thus the vector form of the line perpendicular to 2z — 3y = 1

2= )

Since the vector form is x = p + td, we use the given information to determine p and d. The general

—1
through the point P = (2, —1) is

equation of the given line is 2z — 3y = 1, so its normal vector is n = [ 3

] . Our line is parallel to that

line, so it has direction vector d = E

:| (note that d - n = 0). Since our line passes through the point

P =(2,-1), we have p = _iijl , 50 that the vector equation of the line parallel to 2z — 3y = 1 through

b =[] fa]

the point P = (2,—1) is

Since the vector form is x = p + {d, we use the given information to determine p and d. A line is
perpendicular to a plane if its direction vector d is the normal vector n of the plane. The general
1
equation of the given plane is x — 3y 4+ 2z = 5, so its normal vector is n = | —3|. Thus the direction
2
1
vector of our line is d = |[—3|. Furthermore, since our line passes through the point P = (—1,0, 3), we
2
-1
have p= [ 0/. So the vector form of the line perpendicular to = —3y+2z = 5 through P = (-1,0.3)
3
is
T —1 1
yl=| 0} +t|-3
z 3 2
Since the vector form is x = p + td, we use the given information to determine p and d. Since the

given line has parametric equations

r=1—t, y=243t z=-2-—1t it has vector form

S~
I
b2
+
—_
Lo



1.3. LINES AND PLANES 33

-1
So its direction vector is 31|, and this must be the direction vector d of the line we want, which is
-1
|
parallel to the given line. Since our line passes through the point P = (—1,0,3), we have p= | 0.
3
So the vector form of the line parallel to the given line through P = (—1,0,3) is
T =1 -1
yl=1| 0| +¢t| 3
z 3 —1

24. Since the normal form is n-x = n - p, we use the given information to determine n and p. Note that
a plane is parallel to a given plane if their normal vectors are equal. Since the general form of the

6
given plane is 6z — y + 2z = 3, its normal vector is n = | —1/{, so this must be a normal vector of the
2
desired plane as well. Furthermore, since our plane passes through the point P = (0, —2,5), we have
0
p = |—2]|. So the normal form of the plane parallel to 6x — y + 2z = 3 through (0, —2.5) is
5
6 - - 6 0 6 T
—1|-|y|=|-1|-|-2 or 1| - |y| =12.
2 z 2 5 2 z

25. Using Figure 1.34 in Section 1.2 for reference, we will find a normal vector n and a point vector p for
each of the sides, then substitute into n- x = n - p to get an equation for each plane.

(a) Start with 2%, determined by the face of the cube in the zy-plane. Clearly a normal vector for

1
P, isn= [0], or any vector parallel to the r-axis. Also, the plane passes through P = (0,0,0),
0
0
so we set p = [0|. Then substituting gives
0
1 L 1 0
0 y| = |0 0] or z=0
0 z 0 0

So the general equation for #; is © = 0. Applying the same argument above to the plane 2%,
determined by the face in the xz-plane gives a general equation of y = 0, and similarly the plane
3 determined by the face in the ry-plane gives a general equation of z = ().

Now consider 224, the plane containing the face parallel to the face in the yz-plane but passing

1
through (1,1,1). Since 22, is parallel to 27,, its normal vector is also [0 ; since it passes through
0
1
(1,1,1), we set p = [1|. Then substituting gives
1
1 » 1 1
0 -1yl = (0] |1 or =1

0 z 0 1

So the general equation for 24 is x = 1. Similarly, the general equations for 2?5 and 2% are
y=1and 2=1.
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(b)

(c)
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x
Let n = |y| be a normal vector for the desired plane 2. Since 2 is perpendicular to the
2z

xy-plane, their normal vectors must be orthogonal. Thus

x 0

yl - 10| =z-04+y-04+2-1=2=0.

z 1

&

Thus z = 0, so the normal vector is of the form n = |y|. But the normal vector is also

0

perpendicular to the plane in question, by definition. Since that plane contains both the origin
and (1,1, 1), the normal vector is orthogonal to (1,1,1) — (0,0,0):

x 1
yl - |1 =z2-14+y-142-0=2z4+y=0.
0 1
b
Thus x + y = 0, so that y = —z. So finally, a normal vector to 22 is given by n = |—z| for
0
1
any nonzero x. We may as well choose & = 1, giving n = [—1/|. Since the plane passes through
0
(0,0,0), we let p = 0. Then substituting in n-x = n - p gives
1 T 1 0
=1« ly| = |-=1| - 0], o z—yu=0.
0 2 0 0

Thus the general equation for the plane perpendicular to the xy-plane and containing the diagonal
from the origin to (1.1,1) is x —y = 0.

As in Example 1.22 (Figure 1.34) in Section 1.2, use u = [0,1,1] and v = [1,0, 1] as two vectors

T
in the required plane. If n = |y | is a normal vector to the plane, then n-u=0=n-v:
z
% 0 z 1
n:a=iy|-11|l=pt+tz=0=y=—2z nv=\y 10| =gtz=05=—7¢
z 1 z 1
—2 1
Thus the normal vector is of the form n = |—z| for any z. Taking z = —1 gives n = 1].
z -1
Now, the side diagonals pass through (0,0,0), so set p=0. Then n-x =n- p yields
1 T 1 0]
1] = jg] = 11 -10], or z4+y—2z=0.
—1 2 -1 0]

The general equation for the plane containing the side diagonals is © +y — z = 0.

26. Finding the distance between points A and B is equivalent to finding d(a,b), where a is the vector

from the origin to A, and similarly for b. Given x = [z,y, 2], p = [1,0,—-2], and q = [5, 2, 4], we want
to solve d(x, p) = d(x, q); that is,

dix,p) = V(2 - 1)2+(y— 02 +(z +2)2 = V(z —5)2 + (y — 2)? + (2 — 4)? = d(x, q).
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Squaring both sides gives

-1+ y-0>+(z+2>=(2-5°+ @y -2+ (-4 =
22— 24+ 14+ 422442 44=22 1024+ 25+ —dy+44+2°-82+16 =
8r+4dy+ 122 =40 =
2z + y+ 3z = 10.

Thus all such points (z. y, z) lie on the plane 2z + y + 3z = 10.

_ |azo+bys—c| e . = . 1 |1
27. To calculate d(Q, ¢) = ——7— we first put £ into general form. With d = [_1], we get n = [1]

since then n-d = (). Then we have

wxes = LB

Thus £ +y =1 and thus a = b= ¢ = 1. Since Q = (2, 2) = (zo, yo), we have

C1e241-2-1] 3 3V2
RO~ ~vi~ 2

—2
28. Comparing the given equation to x = p+td, we get P = (1,1,1) and d = | 0]|. As suggested by
3
Figure 1.63, we need to calculate the length of R_.Q}, where R is the point on the line at the foot of the
perpendicular from ). So if v = PQ, then

—_—

PR = projq v, R_(:) = V — projq v-

. 0] 11 [-1
Now,v=PQ =q—p=|1| - |1| = | 0], so that
0 1 -1
Z
; d-v —2-(=1)+3-(-1) =
= —  1d= =
PRy (d-d) ( 2. (—2)+3-3 Y .f]
: Sh
Thus
-1 2 _15
13 13
v —projgv=| 0| — 0 = 0
=3 i _ 1o
13 13
Then the distance d(Q,f) from @ to £ is
. A IR 5VI3
lv —projavll= 5 |||0]|| = 5 V32+22 = i
1315 13 13

29. To calculate d(Q, 22) = |M:,";:T;§'f;_dl, we first note that the plane has equation z + y — z = 0, so

thata=b=1,ec=—1, and d = 0. Also, @ = (2,2, 2), so that o = yo = 20 = 2. Hence

_1-2+41-2-1-2-0 2  2V3
VIR (-1 V3 3

d(Q, #)
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30.

31.

32.

33.
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i _ |azedbygtezo—d] L . . ) : . .
To calculate d(Q, 2?) = W, we first note that the plane has equation x — 2y + 2z = 1, so

thata=1,b= -2, ¢=2, and d = 1. Also, Q = (0,0,0), so that g = yo = zg = 0. Hence

1-0-2-042.0-1] 1
V12 +(=2)2 + 22 3

d(Q, #) =

Figure 1.66 suggests that we let v = P_(j then w = PR = projg v. Comparing the given line £ to

x=p+td, weget P=(—1,2) and d = [_ﬂ Thmlv:P_Q’:q—p: Ei} — [_;] = [g] Next,

ey (A2 (LB D0 3 8

og o | 3
r=p+PR=p—|—pr0jdv=p—|—w=[ }—I—[ % =[
- A

So

So the point R on £ that is closest to @ is (3. 3).

Figure 1.66 suggests that we let v = P_(j then PR = projq v. Comparing the given line { to x = p+td,

-2 0 1 —1
weget P=(1,1,1)andd=| 0 .Theav:P_é=q—p= 1| — (1| = | 0]. Next,
3 0 1 -1
_ 3
d-v —2-(-1)+3-(-1) 12
1 == e [‘l: =
projg v (d-d) ( (2 1 3 0 Hﬂ
| 3 —13
So )
2 15
. 1 i3 13
r=p+PR=p+projgv=|1]| + 0] =11
1 o 10
13 13

o
=t

So the point R on £ that is closest to Q is (13,1, 13).

Figure 1.67 suggests we let v = P_@, where P is some point on the plane; then @2’ = proj, v. The

)
[

1
equation of the planeis x4+ y—2=0,son=| 1|. Setting y = 0 shows that P = (1,0,1) is a point
-1
on the plane. Then i
. 9] 1] [t
v=PQ=q—p= |2|—|0] = |2
2| 1] |1
so that
& 5
‘ _(n-V) f1-141-1-1-1 | | g
POV =\n n/ T\ 212+ (1) 2
__1 3
Finally,
2 4
. 1 1 3 3
r=p+PQ+PR=p+v-—proj,v= |0]| + |2| — % = ;;-
1 1 == =
3 3

Therefore, the point R in 2 that is closest to Q is (3, 3, §).



1.3. LINES AND PLANES 37

34. Figure 1.67 suggests we let v = P_(j, where P is some point on the plane; then (ji” = proj, v. The

1
equation of the plane is * — 2y +22 =1, son = |—2|. Setting y = z = 0 shows that P = (1,0,0) is a
2
point on the plane. Then i o
0] 1 —1
0] 0 0]
so that =
11 ¢
Ojn V (n : v) n= 2 g
1K —_— — P — ]
PHoln n-n IE—I—{ 2}24—22 i
B B
Finally,
1 1 1
9 9
r=p+PQ+PR=p+v—proj,v= 2l=| 2
(} =] i
9 9
Therefore, the point R in 2 that is closest to Q is (=35, 3, —3—

35. Since the given lines £ and £, are parallel, choose arb1trary points Q on £, and P on 5, say Q = (1,1)
and P = (5,4). The direction vector of £3 is d = [—2,3]. Then

v=F3=a-p=|)| - [i] = |5

i = (33 - (LR [ -4 []

Then the distance between the lines is given by

it 3 - B - -2

36. Since the given lines ¢; and f2 are parallel, choose arbitrary points ) on £; and P on {3, say ) =
(1,0,—1) and P = (0,1,1). The direction vector of f5 is d = [1,1,1]. Then

so that

- 1 0 1
w=t=g=p= | 0= L=
-1 1 -2
so that
1 1
. d-v 1-14+1-(=1)+1-(-2) 2
iy —— e d — 1 _—— ].
projg v (d*d) ( TFSENST : > !
Then the distance between the lines is given by
|t 2 . =
lv—projavli =|||-1| + = [1[[| = [|[-4||| = VB2 + (12 + (—2)2 = X =.
3 3 3 3
-2 1 -1

37. Since 27, and 2%, are parallel, we choose an arbitrary point on 22, say Q = (0,0,0), and compute
d(Q, 2%5). Since the equation of 2 is 2r+y—22 =5, wehavea=2,b=1, e = -2, and d = 5; since
Q = (0,0,0), we have x5 = yg = zp = 0. Thus the distance is
|aIﬂ+byn+EZ{]—d| |2ﬂ+10—20—5]

_ 5
d(ﬂ"’l,ﬁag} (Q tg'd } \/ﬂ. —|—b2+ﬁ2 V/22+12+22 = g
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38.

39.

40.

41.

42.

43.
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Since &7, and 2%, are parallel, we choose an arbitrary point on 2, say @) = (1,0,0), and compute
d(Q., %5). Since the equation of P st +y+2 =3, we have a = b = ¢ = 1 and d = 3; since
Q = (1.0,0), we have xg = 1, yg = 0, and zg = 0. Thus the distance is

‘" b 'z — d 1-1+1- 1-0-— 2 2
dfr@h-@z}:d(@é?z]:'wﬂ-l_ e o N e ) kS N \/’E

Va2 + b2 + 2 V12 412 + 12 V3 3
We wish to show that d(B.{) = ““:i;c ., where n = g] ,n-a=c, and B = (zg,y0). fv= AB =

b — a, then

n-v=n-(b-a)=n-b-n-a= |:{; -[;0]—c=rzmn+byn—c.
0

Then from Figure 1.65, we see that

_m-v|  azg +byo — ¢

: n-v
A(B,0) = Iproin vl = | (557) m]| = nl V@i

(e

We wish to show that d(B,f) = %‘—dl where n = |b|, n-a=d, and B = (z0, 0, 20). If

c
A =D — a. then

il By
n-v=n-(b—a)=n-b—n-a=|b| - |y| —d=axo+ byo + cz0 — d.
L‘ Z0
Then from Figure 1.65, we see that
i n-v n-v arg + byo + czp — d
d(B, ) = ||proj,, V|| = ||(—)n||=1 ] Y J
nn Wl - V@iEre

Choose B = (xg,yg) on #,; since £, and ¢, are parallel, the distance between them is d(B,{3). Then

0

b
v = b — a. Then using the formula in Exercise 39, the distance is

since B lies on £, we have n-b = [

_m-v| In-(b—a)] [n-b-—n-al |e;—c

(¢1,€2) = d(B, {3) ] n] n| [In|

Choose B = (xg,yg. zg) on Z?;; since 22, and 2 are parallel, the distance between them is d( B, £,).

i) To
Then since B lies on 2%, we have n-b = |b| - |yg| = axg + byg + ¢zg = dy. Choose A on %5, so
[ Zn

that n-a = d2. Set v =b — a. Then using the formula in Exercise 40, the distance is

i i n-v|] |n-(b—a)l |n-b—mn-a|l |dj—ds]
d( P, FP) =A(B, Fa) = = = = _
In]| (|l ]| |
1 2
Since 92, has normal vector n; = |1| and 2% has normal vector no = 1|, the angle # between
1 -2
the normal vectors satisfies
g -ns 1*2+11+1*{—2] . 1

cosfl =

ol lnel — VEF T2+ 12,224 12+ (<22 33
Thus

1
0 = cos™ ! (—) == T8.9°.
33
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3 1
44. Since 2%, has normal vector n; = |—1| and 2% has normal vector ns = 4|, the angle # between
2 —1

the normal vectors satisfies
I - N9 31—14-'—2(—1] o 5 1

Il ~ /37 (12 + 2/ 2+ 2+ (12 VI&/IB /28

This is an obtuse angle, so the acute angle is

cosfl =

T—8@=m—cos " (——) ~ 79.1°
V28
45. First, to see that 22 and ( intersect, substitute the parametric equations for £ into the equation for 22,
giving
c+y+22=2+)+(1-20)+2(34+t)=9+t=0,
so that ¢ = —9 represents the point of intersection, which is thus (2 + (=9),1 — 2(-9),3 + (=9)) =
1 1
(—7,19,—6). Now, the normal to &2 is n = |1{, and a direction vector for £ isd = |—-2|. So if 8 is
2 1
the angle between n and d, then # satisfies
n-d 1-14+1-(=-2)+2-1 1

cosf =

Infllld]l ~ vIZ¥1Z 12,12+ (-2)2 + 12 6

so that i
0 = cos ! (E) == 80.4°.

Thus the angle between the line and the plane is 90° — 80.4° = 9.6°.

46. First, to see that 22 and { intersect, substitute the parametric equations for £ into the equation for 22,

giving
dr—y—z=4-t—(14+2t)— (24 3t) = -t -3 =6,
so that ¢ = —9 represents the point of intersection, which is thus (=9,1+2-(=9),2+ 3. (=9)) =
4 1
(=9, —17,—25). Now. the normal to 22 is n = -1/, and a direction vector for fisd = [2|. So if @
1 3
is the angle between n and d, then @ satisfies
n-d 4-1—-1-2-—-1-3 1

cost =

Inlfld] ~ vEZ+ P+ 2yIEr 232 JIsVI4

This corresponds to an obtuse angle, so the acute angle between the two is

=7 —cos ! ( ) s 86.4°.

1
- V/18V14
Thus the angle between the line and the plane is 90° — 86.4° == 3.6°.

47. We have p = v — ¢n, so that en = v — p. Take the dot product of both sides with n, giving

(cn) - n=(v—p)'n =
¢eh-n)=v-n—p-n =
¢(n-n) =v-n (since p and n are orthogonal) =
n-v

==

n-n
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Note that another interpretation of the figure is that en = proj, v = (E"‘E) n, which also implies that
nv
n-n’

C=

Now substitute this value of ¢ into the original equation, giving

n-wv
Pp=v—cn=v—|—— |1
n-n

1
48. (a) A normal vector to the plane z +y+2z=0isn= |1|. Then
1

1 1
n-v=|1|-] 0] =1:141-041-(-2)=-1
1] |2
1] [1
n-n= |1 1] =1+141141:1=3
1] |1
so that ¢ = —%. Then
1 1 2
—v— (2 n= | o| +1[a] =]
= n-n/ 3 B
—2 1 =3
3
(b) A normal vector to the plane 3r —y+2=0isn= |—1|. Then
R
n-v=|-1|-| 0] =3-1-1-041-(-2)=1
. l_- __‘_
T
toites | T « bt BB i B 1
so that ¢ = ﬁ Then
1 3 &
_v_(n*'ﬁ")n_ 0 ik Ll = v
P= n-n/ TN I R Y
-2 1 -
1
(e) A normal vector to the plane x — 2z =0isn= | 0|. Then
—2
T
P AT T 4
n-n=| 0|-] 0 =1-140-0-2-(=-2) =5,
-2 -2
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so that ¢ = 1. Then

1 1
n-v
p=v-(15)n=| 0| -| 0| =0
-2 -2

Note that the projection is 0 because the vector is normal to the plane, so its projection onto the
plane is a single point.

2
(d) A normal vector to the plane 22 —3y+2=0isn= |—3|. Then
1
I
n-v=|-3|-| 0] =2-1-3-0+1-(=-2)=0
. = __2_
91 [ 9
n-n=|-3|-[-3]=2-2-3-(-3)+1-1=14,
. l_. L. 1_
1
so that e = 0. Thus p=v = 0]. Note that the projection is the vector itself because the
-2

vector is parallel to the plane, so it is orthogonal to the normal vector.

Exploration: The Cross Product

(a3 — UgVy | [1-3—-0-(-1)] 3
1. (a) uxv=|uszyy —wmwvs|=| 1-3-0-2 | =| 3|.
| UV — ugvy 0+(—1)=1-3] | —3]
(uat's — usva | A i . e, =3
(b) uxv=|ugvry —wvz| =| 2-0-3-1 = |-3].
| uy v — U0 | 13-1—(-1)-0] | 3]
(g3 — ugls| (2. (—6) —3-(—4)
(¢) uxv=|ugvy —uyv3| = |3-2—(-1)-(-6)| =0.
| uvp — ugvy | —1-(-4)-2-2
(a3 — Ugy | [1-:3—1-2 1
(d) uxv= |ugry —uqvs| = |1-1—-1-3| = |-2].
| U312 — ugv | REMEh B8 1
2. We have
1] [o] [o-0-0-1] [O]
egXxe= |0l x|1| =1]0-0—-1-0] = |0] =e3
0] 0] (1-1-0-0 1]
0] [o] [i1-1—0-0] [1]
esxeg3= |1| x |0l =]0-0=0-1| = (0] =e;
0] 1] 0- L-0] 0]
0] 1] [(0-0—1-0] 0]
egxe =10l x |0l =1]1-1—-0-0] =]|1| =es.
1 0] [0-0~0-1) 0]
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3. Two vectors are orthogonal if their dot product equals zero. But

Uala — Uzl g
(uxv)-u= |ugvy —ugvg| - |us2
Uiz — Uz U3

= (u2vs — uzvz)ur + (uzvy — wivs)uz + (w1v2 — uz2vi )us

= (Tlgﬂgul — ﬂlvg'ug} —+ (ug'ulu;; = ug'ulu:;] -+ (Hﬂjg'ﬂ.g = 1'..[31.‘21.!.1) = ':]'

Uala — Uzl L
I[I.l = \"} VW = Uzt — itz - |2
Ujtas — Usly Uz

= {ugu;; == -1.',31.!2]1:1 - (Hg'UI =t 'Hl'l,l'g]'L'g -+ (’H,l’f_."g ot Hz'l,l']_}?_!g

= (upv3vy — ustv3) + (uztve — uzvevy) + (w1 vav3 — uqvave) = 0.

4. (a) By Exercise 1, a vector normal to the plane is

0 3 1-2—1-(-1) 3
n=uxv=|1l| x [-1]| = 1-3—-0-2 == 3
1 2 0-(—=1)—1-3 —3

So the normal form for the equation of this planeisn-x=n-p, or

3 T 3 1
3 yl=1 3 0] =9
-3 z -3 —2
This simplifies to 3Jr + 3y —3z=9, or x4+ y—z = 3.
_— 2 oz 1
(b) Two vectors in the plane are u = PQ = |1| and v = PR = 3|. So by Exercise 1, a vector
1 -2
normal to the plane is
2 1 1-(—=2)—1-3 -5
n=uxv=|1|x] 3|=[1:1=2:(=2)| =] &
1 —2 2-3—-1-1 5

So the normal form for the equation of this planeisn-x=n-p, or

-5 T —5 0
5]+ |yl = 5 - |=1| =0.
5 z 5 1

This simplifies to =5 4+ 5y +5z=0,orx —y—2z=0.

Vallg — Uala Ualla — Uz Va2
5. (a) vxu= |vgu; —ugvy | = — |ugvy —ugvg| = —(u x v).
iz — Uzt Uitz — Uzt
y 0 g -0 —uz -0 0
(b}l.lXﬂ= Ua | X Bt = Hg‘ﬂ—ul'ﬂ' = |0] =0.
g 0 HI*U—HQ'U 0
-'Ll!.g'u;:], — Uzl 0
(C) mxX = |uUglj —UjUz | = 0| =0.
U1t — Upty 0
o kvy — uskvs oty — Usls
(d) ux kv = |uskvy —ujkvs| =k |ugvy —uqvg| = k(u x v).

ui kv — uskwn Uit — usty
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(e) ux ku=k(uxu)=Ek(0) =0 by parts (d) and (c).

(f) Compute the cross-product:

[us(vg + w3) — uz(vz + wy)

m X (V —|—W] = u:.][:l;'l —|—1L?1] e ul(l'p_. + 1.'_.‘3)

| u1(v2 + w2) — uz(v1 + w1)

-{ugvg — uzv2) + (u2ws — uzwa)

= | (uzvy — uyv3) + (ugw; — wyws)
| (u1v2 — ugvy) + (uywe — ugwy)

-T_I.g g — Uglla

= |ugvy —uwivs| + |uswy —uiws
UV — Ugty L-lﬂfz — Ugun

UgUlz — uglz

=X V4+uxw.

6. In each case, simply compute:

(a)

uy vaw3y — vawz
nm- (V x W} = Uz « |Vl —DW3a
ug hwy — va2tny

= U1Taillyz — U Uz -+ Uaptglly — Uzt Uy =+ Uzl Wa — UaTUN

= (ugv3 — ugva)wy + (uzvy — uqvz)ws + (uqvy — ugty Jwy

=(uxv)-w.
(b)
-'Hl Tatlly — Ugilip
ux(vxw)= |ua| x |vawr — viws
(V5] s — ot

-u-g{vlwg — vowy ) — ug(vzwy — vyws)
— US(UZ'UJS - UH“’E] - HI[HIWQ - UE’U-"l)
| U1 (vawy — vyws) — uz(vews — vaws)

[(uywy + usws + uzws)vy — (u1v1 + u2va + uzva)un
= | (wywy + usws + ugws)ve — (uyvy + usva + ugvg)ws
| (wyun + ugwy + uzwsz)vg — (ugvy + ugvy + ugvs)ws

L un
= (miw1 + uawsz + uzws) |v2| — (uiv1 + ugve + uavs) [ws
s g

=(u-w)v—(u-v)w.

(c)

gty — Uzl
2
lux v||” = || |uzv1 — uqv3
ity — Upln
= (ugw3 — uzv2)? + (uzvy — u1v3)? + (uvz — ugvy)?
= (uf + u% + 'ﬂﬁ)zﬁv‘;"' + ug + 'U%)E — (uyvy + 9w + 1.53-1;3]2

2 2
= [lull*IvIl® = (u-v)*.

43



