
Graphics and Game Technology

Assignment 2

Linear transformations

Introduction

This week you are going to take a look at linear transformations using matrices.
Instead of C, this assignment will be done in JavaScript using webGL: OpenGL
in your browser. All you need is a web browser that supports webGL, which
most modern browsers do. Unpack the framework and open canvas.html in
your web browser to render the various parts of the assignment.

1 Translations, Rotations and Scaling

For this part of the assignment we have prepared a framework that renders a
simple animated three-dimensional scene on the screen. Open canvas.html in
your browser and watch the teapot jump over the screen. You can modify the
speed of the movement by pressing the + and - keys. The teapot moves around
in the world and slowly changes shape because it is being translated, scaled and
rotated. By pressing r you can turn off the rotation, with t the translation and
with s the scaling. Be sure that you understand the meaning of these elementary
geometric transformations.

Open transformations/transformations.js in your editor. The objec-
tive of this assignment is to re-implement the basic transformations using your
own matrices. By pressing the spacebar you switch between the library matrices
and your own. If you do this now, the teapot will freeze because “your” trans-
formations are not implemented yet. When you have completed the assignment
correctly, you should see no difference in teapot behaviour between the original
functions and your own.

1.1 3D OpenGL

The framework takes care of the proper initialization of the OpenGL window
with all necessary options already set up. The application is written using
webGL, which is implemented in JavaScript. Each application has two Init

functions. One that takes care of the various initializations for OpenGL and
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Figure 1: The famous “Utah teapot” used in this assignment (see http://en.

wikipedia.org/wiki/Utah_teapot).

another that initializes the different buffers used for rendering the various 3D
models. After these functions the actual renderloop is started. Whenever we
draw the figure once again, we count the frames we have produced. We use this
frame counter to update the modelview matrix so that a fluent animation of the
teapot is generated.

Take a look at the TransformationsDrawGLScene() function. Here you can
see how the different transformations are computed and applied. Notice the use
of the flag useMyTransformations, which chooses between applying the library
transformation calls and the ones you are going to write.

1.2 Translations, Rotations and Scaling

All affine transformations can be represented with a 4x4 matrix and the frame-
work has a special matrix to store the current transformation: the so-called
“modelview” matrix (mvMat). Every (world) vertex passed to the OpenGL en-
gine is transformed using the current value of this matrix (by multiplying the
homogenous vector with the matrix). The resulting coordinates are interpreted
as being relative to the camera axes:

Pcamera = Mmodelview ∗ Pworld

Please note that every matrix has its rows and columns swapped compared
to the usual mathematical notation of matrices.

Because direct element-wise matrix manipulation is not very intuitive, there
are three library functions that can be combined to produce any transformation
we want and that enables us to retrace what is going on. These functions are:

• m4.translate(M, x,y,z, dstM) to move the origin relative to the old
origin in the direction of the vector (x, y, z),

• m4.scale(M, sx,sy,sz, dstM) to modify the scaling with respect to the
origin,
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• m4.axisRotate(M, [x,y,z], angle, dstM) to produce a rotation ma-
trix and subsequently multiply it with the matrix M. The rotation matrix
is constructed using the rotation axis given by (x, y, z) and a rotation an-
gle alpha measured in degrees. The rotation angle follows the right-hand
rule, so the rotation will be counter-clockwise when viewed with the vector
(x, y, z) pointing towards you.

Each of these functions modifies the supplied matrix, just as if m4.multiply()
had been called with the appropriate matrix.

Be sure to have read and understood the chapter “Transformation Matrices”
in the book of Shirley et al. There you will find the mathematical background
you need to write these functions yourself.

Start by implementing the functions myTranslate() and myScale(). We
will handle rotation in the next section. Check the workings of your routines
against the supplied ones, to make sure they perform the same operation.

1.2.1 Rotation

If you got the translation and scaling matrices working correctly then it is time
to tackle rotation. Following the explanation on the rotation matrix of Shirley,
we will create our own orthonormal basis and use that to perform the rotation.
If you have the book with you it is probably a good idea to read the relevant
section. If not, we reproduce a very condensed version of the chapter here:

3D rotations can be represented with orthonormal matrices. Geometrically,
this means that the three rows of the matrix are the Cartesian coordinates
of three mutually-orthogonal unit vectors. The columns are three, potentially
different, mutually-orthogonal unit vectors. Let’s write down such a matrix:

Ruvw =

 xu yu zu
xv yv zv
xw yw zw


Here, u = xux + yuy + zuz, with x = (1, 0, 0), etc. The orthonormal property
implies that the inproduct of each of u, v and w with itself is 1, while the
inproduct with one of the other two vectors (e.g. u with v) is 0. Note that
transformation matrices in OpenGL are specified as 4×4 matrices, where Ruvw

would be the upper-left part of such a matrix.
If we wish to rotate around an arbritary vector a, which is what m4.axisRotate

does, we can form an orthonormal basis uvw with w = a, rotate that basis to
the canonical basis xyz, rotate around the z-axis, and then rotate the canonical
basis back to the uvw basis. In matrix form, to rotate around the w-axis by an
angle φ, the rotation matrix R = A ∗B ∗ C

=

 xu xv xw
yu yv yw
zu zv zw

 ∗
 cosφ − sinφ 0

sinφ cosφ 0
0 0 1

 ∗
 xu yu zu
xv yv zv
xw yw zw

 .
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Instead of computing the final rotation matrix R, we can also apply the three
matrices A, B and C in sequence using m4.multiply(). This saves us the
trouble of having to implement a matrix product routine.

The final piece of the puzzle is how to determine the vectors making up the
orthonormal basis. The axis specified in a m4.axisRotate() call gives us only
one of the three vectors (w), so how do we get the other two?

The answer is that we can choose them ourselves, as long as the three vectors
together form an orthonormal basis. Shirley section 2.4.6 (“Constructing a Basis
from a Single Vector”) provides a method for coming up with u and v: Given
a vector a we want an orthonormal basis u, v and w such that w points in the
same direction as a. A robust procedure to find any of the possible bases is the
following:

w =
a

||a||
To get u and v we need to find a vector t that is not colinear with w. To do
this, simply set t equal to w and change the smallest magnitude component to
1. For example, if w = (1/

√
2,−1/

√
2, 0), then t = (1/

√
2,−1/

√
2, 1). Then, u

and v follow easily:

u =
t×w

||t×w||
v = w × u

Some of the mathematical operations used in this section are:

• The inproduct of two vectors produces a scalar value and is defined as:

v ·w = vxwx + vywy + vzwz

• The length of a vector ||v|| can be computed as
√
v · v.

• The cross-product operation (×) of two vectors produces a new vector
perpendicular to the two vectors and is defined as:

v ×w = (vywz − vzwy, vzwx − vxwz, vxwy − vywx)

All of the above and Shirley’s book should provide you with enough infor-
mation to implement myRotate.

2 Gimbal lock

When combining transformations, especially rotations, some interesting be-
haviour can result. This part of the assignment deals with a phenomenon called
“gimbal lock”, in which one or more rotations reduce the transformation free-
dom of a model.

The second part of the assignment is about gimbal lock and is located in
gimbal/main.js. If you switch the canvas to the gimbal view you will see
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a 3D scene consisting of a teapot together with its local axes. This teapot
is transformed by three rotations, around the X, Y and Z axes. Two of the
rotations can be interactively changed by using the mouse: if you press and
hold the left mouse button while dragging the mouse across the canvas you
change the angles of rotation around X and Z (the Y rotation is fixed at zero
degrees). Moving the mouse horizontally changes the Z rotation, moving it
vertically changes the X rotation. By pressing “x” you can limit the influence
of mouse movements to change only the X rotation, similarly for “z” and the Z
rotation. You can press the “r” to reset both X and Z rotation to zero degrees
and make the mouse influence both X and Z rotation again.

The second part of the assignment consists of the following tasks:

• Add two more teapots to the scene, by editing the function DrawTeapots.
The two new teapots should be placed next to the one already drawn
at distances of 15 and 30 units along the X axis, respectively. The
first teapot you add should have an Y-rotation of 45 degrees, the sec-
ond an Y-rotation of 90 degrees. Hint: look at the parameters of func-
tion DrawRotatedTeapot. If done correctly you should see that all three
teapots are transformed simultaneously when using the mouse. Note that
the teapots should rotate around their centers.

• (Q1) Find the relevant piece of OpenGL code in which the teapot rotations
are applied and answer the following question: in what order are the
teapots rotated around the three axes?

• (Q2) If you play around a bit with manipulating the teapot rotations
using the mouse you should see something strange in the behaviour of the
rightmost teapot. Answer the following questions: What do you observe?
How can this be explained?

3 Positioning the camera

You have seen with the previous assignment that it is possible to do quite a lot
with the use of the basic modelview transformations. You might wonder why
we need additional camera positioning tools at all; we could move and rotate
the world in front of the fixed camera and be perfectly happy. However, that
would not be the most intuitive way to tell our camera where to look. It is
far more convenient if we can place the camera at a certain position, in world
coordinates, so that we can look at another specific point in the world. For this,
we need to be able to specify the position and orientation of the camera.

In this assignment, we will investigate the functionality of the m4.lookAt()

function and implement our own.

3.1 The framework

Swith to the third scene by pressing the camera button. you will see the camera
rotating around a scene. The camera can be thought of to be located somewhere
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Figure 2: Screenshot of the animated scene where a camera rotates along the
path of a vertical cylinder.

on the surface of a vertical cylinder around the scene. With the [ and ] keys
you can change the height of the camera, with the < and > keys you can change
the speed of the rotation of the camera on the cylinder. With the spacebar key
you can switch between the original m4.lookAt() and your own.

3.2 lookAt()

Let’s have a closer look on how we define the camera position.

We have to define three vectors to set up our camera: let
−−−→
V RP 1 be the

position of the camera,
−−−→
PRP 2 the point of interest (both specified in world co-

ordinates) and last but not least
−−−→
V UP 3 the vector aligning our camera upwards,

also referred to as the “up-vector”. Note that
−−−→
PRP −

−−−→
V RP =

−−−→
DOP 4.

Suppose that we want to place the camera at a position
−−−→
V RP = (5, 5, 10) in

the air, facing the center of our scene which we assume is at
−−−→
PRP = (0, 0, 0). We

want the camera image to stand upright, so pass an up-vector (0, 1, 0). Math-
ematically speaking we would assume that the up-vector would stand perpen-

1VRP = View Reference Point
2PRP = Projection Reference Point
3VUP = View Up
4DOP = Direction of Projection
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dicular on our viewing direction
−−−→
DOP , which is not the case if we, for example,

are looking down by 45 degrees. m4.lookAt() takes care of this on its own so
we don’t need to bother. An up-vector like (0, 1, 0) therefore is a good choice
to pass to m4.lookAt(), the function then transforms it automatically to the

perpendicular
−−−→
V UP up-vector.

We pass these values to m4.lookAt(), a function that modifies the current
matrix according to our camera parameters.

m4.lookAt( [camera_x, camera_y, camera_z],

[lookat_x, lookat_y, lookat_z],

[up_x up_y, up_z], dstM );

Take a look at function CameraDrawGLScene() to see whether you under-
stand why the camera moves around the scene the way it does.

3.3 Implementing myLookAt()

Now you are ready to implement your own lookAt().
First, remember what happens to the world coordinates after they enter the

OpenGL pipeline: xcamera

ycamera

zcamera

 = Mmodelview

xworld

yworld

zworld


Note that the camera transformation is actually composed of a few steps

using two well known transformations:

1. A translation by −
−−−→
V RP (such that an object located at (0, 0, 0) would

appear in our example at (−5,−5,−10) with respect to the camera).

2. A coordinate system change to camera coordinates. Construct a 4x4 ma-
trix (see below) that performs this transformation.

We need the three vectors that represent the camera coordinate system in
world coordinates, namely the x, y and z vector of the camera coordinates.

1. The cz vector is the easiest of them, it is just the vector pointing from
Pcamera to PlookAt. Normalize this vector (otherwise the rotation matrix
will also “stretch”, which is not what we want).

2. The up vector points in the direction of the camera cy vector, but it might
not be orthogonal to it. To produce a real orthogonal cy vector, we first
compute cx, which is orthogonal to up and cz. Normalize cx into a unit
vector.

3. The cy vector is simply orthogonal to both cx and cz.
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It is very easy to construct a rotation matrix R that produces world coordi-
nates when camera coordinates are given:xworld

yworld

zworld

 = R

xcamera

ycamera

zcamera


with

R =

 cxx
cyx
−czx

cxy
cyy
−czy

cxz
cyz
−czz


To see how this works, suppose we want to transform the camera vector (0, 1, 0)
to world coordinates. After the multiplication, we obtain (cyx, cyy, cyz). Un-
fortunately we need it exactly the other way round, because we already have
world coordinates and we want to make them relative to the camera coordinate
system. Therefore, we could multiply the equation above by the inverse of R.
Then we get:

R−1

xworld

yworld

zworld

 = R−1R

xcamera

ycamera

zcamera

 =

xcamera

ycamera

zcamera


In the general case computing the inverse of a matrix is very hard. Fortu-

nately, in the case of orthogonal matrices it is easy; the inverse of an orthogonal
matrix is simply the matrix transposed:

R−1 = RT .

4 Orthogonal projection

We have now seen that all world vertices that we add to our scene are first
multiplied by the modelview matrix to produce all the necessary transforma-
tions (such as translations and rotations) of the scene and/or the camera, with
“camera view coordinates” of all the vertices as a result. After these transfor-
mations, we still have three-dimensional coordinates but they are now relative
to the camera perspective. Next to the camera perspective, the programmer
also has to define a view volume. The view volume determines what the cam-
era sees. Everything that lies outside of the view volume will be invisible (or
“clipped”).

In the next processing step in the graphics pipeline, OpenGL rescales the
coordinates from the view volume to fit into a unit cube where they can subse-
quently be clipped very easily.

In the case of the orthogonal projection, the view volume has the simple
form of a three-dimensional box. The box is defined by the distance of the front
clipping plane and back clipping plane, and by the distances of the left and
right clipping planes as well as the top and bottom clipping planes to the origin
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(which now correspond to the position of the camera).

The final part of the assignment asks you to implement this orthogonal
projection yourself.

4.1 Orthogonal projection matrix

OpenGL distinguishes between two different matrices by which the world vertex
coordinates are multiplied:xprojectionyprojection

zprojection

 = MprojectionMmodelview

xworld

yworld

zworld


The modelview matrix stores translations and rotations, while the projec-

tion matrix is used to store the view volume transformation.

Create the transformation matrix that we can use to set up the orthogonal
projection. The parameters passed to your function defines the dimensions of
the view volume:

function myOrtho(left, right,

bottom, top,

near, far);

The resulting matrix only does some scaling and simple translation. For
example, the camera coordinates (left, top, near) have to be mapped to the
projection coordinates (1, 1, 1) while (right, bottom, far) has to be mapped to
a vector (−1,−1,−1). This is the cube. Concerning the translation, it is
easy to see that the projection origin corresponds to the camera coordinates
((left− right)/2, (top− bottom)/2, (far − near)/2).

You can test whether your implementation of myOrtho() is correct by com-
paring it with the default m4.orthographic(). The framework allows you to
switch between both implementations by pressing the spacebar.

5 Grading

The grading for this assignment will be performed as follows:

• Part 1 gets you max three points: one for a correctly working translation,
one for a correct scaling function and one for a correct rotation function.

• Part 2 gets you max two points: correctly implementing the two extra
teapots as described in the text gets you one point. Answering both
questions on gimbal lock correctly is worth one point as well.
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• Part 3: if your myLookAt() function works correctly you can get up to
three points.

• Part 4: if you correctly implement myOrtho() you will get up to two
points.

Again: points may be deducted if your code is not well outlined or com-
mented!

10


	Translations, Rotations and Scaling
	3D OpenGL
	Translations, Rotations and Scaling
	Rotation


	Gimbal lock
	Positioning the camera
	The framework
	lookAt()
	Implementing myLookAt()

	Orthogonal projection
	Orthogonal projection matrix

	Grading

